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Abstract. The production of jets is studied in collisions of virtual photons, γ∗p and γ∗γ∗, specifically for
applications at HERA and LEP2. Photon flux factors are convoluted with matrix elements involving either
direct or resolved photons and, for the latter, with parton distributions of the photon. Special emphasis
is put on the range of uncertainty in the modeling of the resolved component. The resulting model is
compared with existing data.

1 Introduction

The photon is a complicated object to describe. In the DIS
region, i.e. when it is very virtual, it can be considered as
devoid of any internal structure, at least to first approx-
imation. In the other extreme, the total cross section for
real photons is dominated by the resolved component of
the wave function, where the photon has fluctuated into
a qq state. The nature of this resolved component is still
not well understood, especially not the way in which it
dies out with increasing photon virtuality. This dampen-
ing is likely not to be a simple function of virtuality, but
to depend on the physics observable being studied, i.e. on
the combination of subprocesses singled out.

Since our current understanding of QCD does not al-
low complete predictability, one sensible approach is to
base ourselves on QCD-motivated models, where a plausi-
ble range of uncertainty can be explored. Hopefully com-
parisons with data may then help constrain the correct
behaviour. The ultimate goal therefore clearly is to have
a testable model for all aspects of the physics of γ∗p and
γ∗γ∗ collisions. As a stepping stone towards constructing
such a framework, in this paper we explore the physics
associated with the production of ‘high-p⊥’ jets in the
collision. That is, we here avoid the processes that only
produce activity along the γ∗p or γ∗γ∗ collision axis. For
resolved photons this corresponds to the ‘soft’ or ‘low-p⊥’
events of the hadronic physics analogy, for direct ones to
the lowest-order DIS process γ∗q → q.

The processes that we will study here instead can be
exemplified by γ∗γ∗ → qq (direct), γ∗g → qq (single-
resolved for γ∗γ∗, direct for γ∗p) and gg → qq (double-
resolved for γ∗γ∗, (single-)resolved for γ∗p), where the glu-
ons come from the parton content of a resolved virtual
photon or from the proton. Note that these are multi-
scale processes, at least involving the virtuality Q2

i of ei-
ther photon (i = 1, 2) and the p2

⊥ of the hard subprocess.
(In γ∗γ∗ physics the notation P 2 is often used instead of

Q2, especially for the less virtual of the two photons; here
we will use Q2 throughout, however.) For a resolved pho-
ton, the relative transverse momentum k⊥ of the initial
γ∗ → qq branching provides a further scale, at least in our
framework. This plethora of scales clearly is a challenge
to any model builder, but in principle it also offers the
opportunity to explore QCD in a more differential fashion
than is normally possible.

At large photon virtualities, a possible strategy would
be to express the cross sections entirely in terms of pro-
cesses involving the photon directly, i.e. to include branch-
ings such as γ∗ → q′q′ and q′ → q′g in the Feynman
graphs calculated to describe the process, so that e.g. the
γ∗p process gg → qq is calculated as γ∗g → q′q′qq. With
decreasing virtuality of the photon, such a fixed-order ap-
proach is increasingly deficient by its lack of the large log-
arithmic corrections generated by collinear and soft gluon
emission, however. Furthermore, almost real photons al-
low long-lived γ∗ → qq fluctuations, that then take on
the properties of non-perturbative hadronic states, specif-
ically of vector mesons such as the ρ0. It is therefore that
an effective description in terms of parton distributions
becomes necessary. Hence the resolved component of the
photon, as opposed to the direct one.

That such a subdivision is more than a technical con-
struct is excellently illustrated by the xobs

γ plots from HE-
RA [1]. This variable sums up the fraction of the original
photon light-cone momentum carried by the two highest-
E⊥ jets. A clear two-component structure is visible. The
peak close to xobs

γ = 1 can be viewed as a smeared foot-
print of the direct photon, with all the energy partaking
in the hard interaction, while the broad spectrum at lower
xobs

γ is consistent with the resolved photon, where much
of the energy remains in a beam jet. The distinction be-
tween the two is not unique when higher-order effects are
included, but it is always possible to make a functional
separation that avoids double-counting or gaps.
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The resolved photon can be further subdivided into
low-virtuality fluctuations, which then are of a nonpertur-
bative character and can be represented by a set of vector
mesons, and high-virtuality ones that are describable by
perturbative γ∗ → qq branchings. The former is called
the VMD (vector meson dominance) component and the
latter the anomalous one. The parton distributions of the
VMD component are unknown from first principles, and
thus have to be based on reasonable ansätze, while the
anomalous ones are perturbatively predictable. This sepa-
ration is more ambiguous and less well tested than the one
between direct and resolved photons. In principle, studies
on the structure of the beam remnant, e.g. its p⊥ distribu-
tion, should show characteristic patterns. Unfortunately,
the naively expected differences are smeared by higher-
order QCD corrections (especially initial-state radiation),
by the possibility of multiple parton–parton interactions,
by hadronization effects, and so on. (Experimentally, gaps
in the detector acceptance, e.g. for the beam pipe, is a fur-
ther major worry.) Many of these areas offer interesting
challenges in their own right; e.g. the way in which mul-
tiple interactions die out with virtuality, both that of the
photon itself and that of the qq pair it fluctuates to. Mod-
els for one aspect at the time are therefore likely to be
inadequate. Instead we here attempt a combined descrip-
tion of all the relevant physics topics.

The traditional tool for handling such complex issues
is the Monte Carlo approach. Our starting point is the
model for real photons [2] and the parton distribution
parameterizations of real and virtual photons [3] already
present in the Pythia [4] generator. Several further ad-
ditions and modifications have been made to model vir-
tual photons, as will be described in the following. Other
generators with an overlapping scope include, among oth-
ers, HERWIG [5], LDC [6], LEPTO [7], PHOJET [8] and
RAPGAP [9]. The details of the approaches are different,
however, so this gives healthy possibilities to compare and
learn. Another alternative is provided by matrix-element
calculations [10], that do not provide the same complete
overview but can offer superior descriptions for some pur-
poses.

The plan of this paper is the following. In Sect. 2 the
model is described, with special emphasis on those aspects
that are new compared with the corresponding description
for real photons. Thereafter, in Sect. 3, the dependence
of simple observables on model parameters is illustrated.
Comparisons are shown with some sets of data from ep
and e+e− colliders, and this is used to constrain partly
the freedom in the model. Based on this experience, some
further observables are then proposed and studied, to help
shed light on the nature of the virtual photon. Finally,
Sect. 4 contains a summary and outlook.

2 The model

The electromagnetic field surrounding a moving electron
can be viewed as a flux of photons. Weizsäcker [11] and
Williams [12] calculated the spectrum of these photons,
neglecting the photon virtualities and terms involving the

longitudinal polarization of photons. This approximation
is well-known [13] to be a good approximation when the
scattered lepton is tagged at small scattering angles.

In the equivalent photon approximation [14], the cross
sections for the processes ep → eX and ee → eeX, where
X is an arbitrary final state, can then be written as the
convolutions

dσ(ep → eX) =
∫

dω
ω

N(ω) dσ(γp → X) (1)

and

dσ(ee → eeX) =∫∫
dω1

ω1

dω2

ω2
N(ω1)N(ω2) dσ(γγ → X) , (2)

where ω is the energy of the emitted photon. In this ap-
proximation, the distribution in photon frequencies N(ω)
× dω/ω is obtained by integrating over the photon vir-
tuality Q2. The maximum value Q2

max is usually given
by experimental conditions like anti-tagging, i.e. that the
scattered lepton is not detected if its scattering angle is
too small.

A better approximation, and the one used in our ap-
proach, is to keep the Q2 dependence in the photon flux
f(y,Q2) (with y ≈ ω/ωmax, see below) and in the subpro-
cess cross sections involving the virtual photon(s), γ∗p →
X and γ∗γ∗ → X, and to sum over the transverse and
longitudinal photon polarizations. Equations (1) and (2)
then modify to

dσ(ep → eX) =∑
ξ=T,L

∫∫
dy dQ2 fξ

γ/e(y,Q
2) dσ(γ∗

ξ p → X) (3)

and

dσ(ee → eeX) =
∑

ξ1,ξ2=T,L

∫∫∫∫
dy1 dQ2

1 dy2 dQ2
2

·fξ1
γ/e(y1, Q

2
1)f

ξ2
γ/e(y2, Q

2
2) dσ(γ∗

ξ1
γ∗

ξ2
→ X) . (4)

For ep events, this factorized ansatz is perfectly general,
so long as azimuthal distributions in the final state are
not studied in detail. In e+e− events, it is not a good ap-
proximation when the virtualities Q2

1 and Q2
2 of both pho-

tons become of the order of the squared invariant mass
W 2 of the colliding photons [15]. In this region the cross
section have terms that depend on the relative azimuthal
angle of the scattered leptons, and the transverse and lon-
gitudinal polarizations are non-trivially mixed. However,
these terms are of order Q2

1Q
2
2/W

2 and can be neglected
whenever at least one of the photons has low virtuality
compared to W 2.
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Fig. 1. Schematic figure of γγ processes, illustrating the no-
tation

2.1 The photon flux

When Q2/W 2 is small, one can derive [16,14,15]

fT
γ/l(y,Q

2) =
αem

2π

(
1 + (1 − y)2

y

1
Q2 − 2m2

l y

Q4

)
, (5)

fL
γ/l(y,Q

2) =
αem

2π
2(1 − y)

y

1
Q2 , (6)

where l = e±, µ± or τ±. In fT
γ/l the second term, propor-

tional to m2
l /Q

4, is not leading log and is therefore often
omitted. Clearly it is irrelevant at large Q2, but around
the lower cut-off Q2

min it significantly dampens the small-y
rise of the first term. Overall, under realistic conditions,
it reduces event rates by 5–10% [15,17].

The y variable is defined as the light-cone fraction the
photon takes of the incoming lepton momentum. For in-
stance, for l+l− events, Fig. 1,

yi =
qikj

kikj
, j = 2(1) for i = 1(2) . (7)

Alternatively, the energy fraction the photon takes in
the rest frame of the collision can be used,

xi =
qi(k1 + k2)
ki(k1 + k2)

, i = 1, 2 . (8)

The two are simply related,

yi = xi +
Q2

i

s
, (9)

with s = (k1 + k2)2. (Here and in the following formulae
we have omitted the lepton and hadron mass terms when
it is not of importance for the argumentation.) Since the
Jacobian d(yi, Q

2
i )/d(xi, Q

2
i ) = 1, either variable would

be an equally valid choice for covering the phase space.

Small xi values will be of less interest for us, since they
lead to small W 2 and hence no high-p⊥ jet production, so
yi/xi ≈ 1 except in the high-Q2 tail, and often the two are
used interchangeably. Unless special Q2 cuts are imposed,
cross sections obtained with fT,L

γ/l (x,Q2) dx rather than

fT,L
γ/l (y,Q2) dy differ only at the per mil level. For com-

parisons with experimental cuts, it is sometimes relevant
to know which of the two is being used in an analysis.

In the ep kinematics, the x and y definitions give that

W 2 = xs = ys−Q2 . (10)

The W 2 expression for l+l− is more complicated, espe-
cially because of the dependence on the relative azimuthal
angle of the scattered leptons, ϕ12 = ϕ1 − ϕ2:

W 2 = x1x2s+
2Q2

1Q
2
2

s

− 2

√
1 − x1 − Q2

1

s

√
1 − x2 − Q2

2

s
Q1Q2 cosϕ12

= y1y2s−Q2
1 −Q2

2 +
Q2

1Q
2
2

s

− 2
√

1 − y1
√

1 − y2Q1Q2 cosϕ12 . (11)

The lepton scattering angle θi is related to Q2
i as

Q2
i =

x2
i

1 − xi
m2

i

+ (1 − xi)
(
s− 2

(1−xi)2
m2

i − 2m2
j

)
sin2(θi/2) , (12)

with m2
i = k2

i = k′2
i and terms of O(m4) neglected. The

kinematical limits thus are

(Q2
i )min ≈ x2

i

1 − xi
m2

i , (13)

(Q2
i )max ≈ (1 − xi)s , (14)

unless experimental conditions reduce the θi ranges.
In summary, we will allow the possibility of experimen-

tal cuts in the xi, yi, Q2
i , θi and W 2 variables. Within the

allowed region, the phase space is Monte Carlo sampled
according to

∏
i(dQ

2
i /Q

2
i ) (dxi/xi) dϕi, with the remain-

ing flux factors combined with the cross section factors
to give the event weight used for eventual acceptance or
rejection.

2.2 Photon processes

The hard-scattering processes are classified according to
whether one or both photons are resolved. For complete-
ness we here quote some of the less familiar cross sections.
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For the direct process γ∗γ∗ → ff, f some fermion, the
cross sections are [18]

dσTT

dt̂
= 2πα2

emNfe
4
f
t̂û−Q2

1Q
2
2

λ2t̂2û2

·{(t̂2 + û2) [1 − 2F (1 − F )] − 2Q2
1Q

2
2F

2
}
, (15)

dσTL

dt̂
= 8πα2

emNfe
4
f

Q2
2ŝ

λ4t̂2û2

·
{

2(t̂û−Q2
1Q

2
2)

[̂
tû+ Q2

1ŝ(t̂−û)2

λ2

]
+Q4

1(t̂− û)2
}
, (16)

dσLT

dt̂
=

dσTL

dt̂
(Q2

1 ↔ Q2
2) , (17)

dσLL

dt̂
= 32πα2

emNfe
4
f
Q2

1Q
2
2ŝ

2

λ6t̂2û2

·(t̂û−Q2
1Q

2
2)(t̂− û)2 , (18)

with ŝ = W 2,

λ =
√

(ŝ+Q2
1 +Q2

2)2 − 4Q2
1Q

2
2 , (19)

F =
ŝ(ŝ+Q2

1 +Q2
2)

λ2 , (20)

ef the electrical charge and Nf the colour factor, 3 for a
quark and 1 for a lepton. Remember that ŝ + t̂ + û =
−Q2

1 − Q2
2, neglecting the fermion mass. Note that the

cross section for a longitudinal photon vanishes as Q2
i in

the limit Q2
i → 0.

For a resolved photon, the photon virtuality scale is
included in the arguments of the parton distribution but,
in the spirit of the parton model, the virtuality of the
parton inside the photon is not included in the matrix
elements. Neither is the possibility of the partons being
in longitudinally polarized photons (see below, however).
The same subprocess cross sections can therefore be used
for direct γ∗p processes and for single-resolved γ∗γ∗ ones.
For γ∗q → gq one obtains [19]

dσ̂T

dt̂
=

8
3
παsαeme

2
q

1
(ŝ+Q2

1)2

·
{
ŝ2 + û2 − 2Q2

1t̂

−ŝû − 2Q2
1t̂

(ŝ+Q2
1)2

}
, (21)

dσ̂L

dt̂
=

8
3
παsαeme

2
q

−4Q2
1t̂

(ŝ+Q2
1)4

, (22)

and for γ∗g → qq

dσ̂T

dt̂
= παsαeme

2
q

· 1
(ŝ+Q2

1)2
t̂2 + û2

t̂û

[
1 − 2Q2

1ŝ

(ŝ+Q2
1)2

]
, (23)

dσ̂L

dt̂
= παsαeme

2
q

8Q2
1ŝ

(ŝ+Q2
1)4

. (24)

Convolution with parton distributions gives

dσ(γ∗p → X) =∫∫
dx̂2 dt̂ fp

i (x̂2, µ
2)

dσ̂
dt̂

(ŝ = x̂2W
2) , (25)

dσ(γ∗γ∗ → X) =∫∫
dx̂2 dt̂ fγ∗

i (x̂2, µ
2, Q2

2)
dσ̂
dt̂

(ŝ = x̂2W
2) , (26)

where µ2 is the scale of the hard-scattering subprocess.
Finally we come to resolved processes in γ∗p and doub-

ly-resolved ones in γ∗γ∗. There are six basic QCD cross
sections, qq′ → qq′, qq → q′q′, qq → gg, qg → qg,
gg → gg and gg → qq. Since again parton virtualities are
not included, these are the expressions familiar from pp
physics [20] and are not listed here. Again a convolution
with parton distributions is necessary,

dσ(γ∗p → X) =
∫∫∫

dx̂1 dx̂2 dt̂

·fγ∗
i (x̂1, µ

2, Q2
1) f

p
j(x̂2, µ

2)
dσ̂
dt̂

(ŝ = x̂1x̂2W
2) , (27)

dσ(γ∗γ∗ → X) =
∫∫∫

dx̂1 dx̂2 dt̂

·fγ∗
i (x̂1, µ

2, Q2
1) f

γ∗
j (x̂2, µ

2, Q2
2)

dσ̂
dt̂

(ŝ = x̂1x̂2W
2) .(28)

In line with the neglect of parton masses, also the ŝ ex-
pression for γ∗γ∗ is simpler than its W 2 analogue in (11).
When initial-state radiation is subsequently included, both
transverse momenta and spacelike parton virtualities are
generated, but in such a way that the relation ŝ = x̂1x̂2W

2

is maintained [21]. Differences between alternative ŝ def-
initions being subleading, they are beyond our standard
QCD accuracy.

2.3 Parton distributions

One major element of model dependence enters via the
choice of parton distributions for a resolved virtual pho-
ton. These distributions contain a hadronic component
that is not perturbatively calculable. It is therefore neces-
sary to parameterize the solution with input from exper-
imental data, which mainly is available for (almost) real
photons. In the following we will use the SaS distributions
[3], which are the ones best suited for our formalism. An-
other set of distributions is provided by GRS [22], while a
simpler recipe for suppression factors relative to real pho-
tons has been proposed by DG [23].

The SaS distributions for a real photon can be written
as

fγ
a (x, µ2) =

∑
V

4παem

f2
V

fγ,V
a (x, µ2;Q2

0)

+
αem

2π

∑
q

2e2q

∫ µ2

Q2
0

dk2

k2 fγ,qq
a (x, µ2; k2) . (29)
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Here the sum is over a set of vector mesons V = ρ0,
ω, φ, J/ψ according to a vector-meson-dominance ansatz
for low-virtuality fluctuations of the photon, with exper-
imentally determined couplings 4παem/f

2
V . The higher-

virtuality, perturbative, fluctuations are represented by
an integral over the virtuality k2 and a sum over quark
species. We will refer to the first part as the VMD one
and the second as the anomalous one. Each component
fγ,V and fγ,qq obeys a unit momentum sum rule, and also
obeys normal QCD evolution equations. The fγ,V (x,Q2

0)
have to be determined by a tune to F γ

2 (x, µ2) data, while
fγ,qq evolve from the boundary condition

fγ,qq
a (x, k2; k2) =

3
2

(
x2 + (1 − x)2

)
(δaq + δaq) . (30)

The µ2 dependence enter both via the evolution of each
component and via the upper limit of the dk2 integral. It is
the latter dependence that generates the so-called anoma-
lous term of the photon distribution evolution equations,
from which the terminology has been taken over for the
related event class.

From the above ansatz, the extension to a virtual pho-
ton is given by the introduction of a dipole dampening
factor for each component,

fγ∗
a (x, µ2, Q2) =

∑
V

4παem

f2
V

(
m2

V

m2
V +Q2

)2

fγ,V
a (x, µ2; Q̃2

0)

+
αem

2π

∑
q

2e2q

∫ µ2

Q2
0

dk2

k2

(
k2

k2 +Q2

)2

fγ,qq
a (x, µ2; k2) . (31)

Thus, with increasing Q2, the VMD components die away
faster than the anomalous ones, and within the latter the
low-k2 ones faster than the high-k2 ones. In the VMD
component, the effective evolution range is reduced by the
introduction of a Q̃2

0 = Q2
int = Q0Qeff > Q2

0, with

Q2
eff = µ2 Q

2
0 +Q2

µ2 +Q2 exp
{

Q2(µ2 −Q2
0)

(µ2 +Q2)(Q2
0 +Q2)

}
. (32)

As a technical trick, the handling of the k2 integral is
made more tractable by replacing the dipole factor by
a k2-independent multiplicative factor and an increased
lower limit Q2

int of the integral, in such a way that both
the momentum sum and the average evolution range is
unchanged. Finally, correction factors are introduced to
ensure that fγ∗

a (x, µ2, Q2) → 0 for µ2 → Q2: in the region
Q2 > µ2 a fixed-order perturbative description is more
appropriate than the leading-log description in terms of a
resolved photon. We then arrive at the so-called modified
Pint scheme, which is the one used here.

Since the probed real photon is purely transverse, the
above ansatz does not address the issue of parton dis-
tributions of the longitudinal virtual photons. One could
imagine an ansatz based on longitudinally polarized vector
mesons, and branchings γ∗

L → qq, but currently no param-
eterization exists along these lines. We will therefore con-
tent ourselves by exploring alternatives based on apply-
ing simple multiplicative factors R to the results obtained

for a resolved transverse photon. As usual, processes in-
volving longitudinal photons should vanish in the limit
Q2 → 0. To study two extremes, the region with a linear
rise in Q2 is defined either by Q2 < µ2 or by Q2 < m2

ρ,
where the former represents the perturbative and the lat-
ter some non-perturbative scale. Also the high-Q2 limit
is not well constrained; we will compare two different al-
ternatives, one with an asymptotic fall-off like 1/Q2 and
another which approaches a constant ratio, both with re-
spect to the transverse resolved photon. (Since we put
fγ∗

a (x, µ2, Q2) = 0 for Q2 > µ2, the R value will actually
not be used for large Q2, so the choice is not so crucial.)
We therefore study the alternative ansätze

R1(y,Q2, µ2) = 1 + a
4µ2Q2

(µ2 +Q2)2
fL

γ/l(y,Q
2)

fT
γ/l(y,Q

2)
, (33)

R2(y,Q2, µ2) = 1 + a
4Q2

(µ2 +Q2)

fL
γ/l(y,Q

2)

fT
γ/l(y,Q

2)
, (34)

R3(y,Q2, µ2) = 1 + a
4Q2

(m2
ρ +Q2)

fL
γ/l(y,Q

2)

fT
γ/l(y,Q

2)
(35)

with a = 1 as main contrast to the default a = 0. The y
dependence compensates for the difference in photon flux
between transverse and longitudinal photons. R1 and R2
have the same onset at low Q2 but different asymptotic
behaviour; for the former case the longitudinal part van-
ishes and for the latter it approaches a constant (w.r.t. the
transverse case). For the third case the onset is governed
by a non-perturbative parameter mρ and it has the same
asymptotic limit as R2. In a more sophisticated treatment,
presumably also the k2 scale of the γ∗ → qq fluctuation
would enter. In double-resolved γ∗γ∗ events one R factor
is applied for each side.

Another ambiguity is the choice of µ2 scale in par-
ton distributions. For a process such as γγ → qq, with
real photons, conventional wisdom is that µ2 = −t̂ is the
proper scale in the limit t̂ → 0, where t-channel graphs
dominate the cross sections, and µ2 = −û in the limit
û → 0. The combination µ2 = t̂û/ŝ = p2

⊥ interpolates be-
tween these limits and thus is a traditional choice, some-
times multiplied by some constant factor. When the in-
coming (or outgoing) photons/partons are not massless,
t̂û/ŝ 6= p2

⊥. A possible generalization for a direct virtual
photon, Q2

1 6= 0, is

µ2 = − t̂û

t̂+ û
=

t̂û

ŝ+Q2
1

= p2
⊥
ŝ+Q2

1

ŝ
. (36)

For a corresponding t-channel graph involving the quark
from a resolved photon, in principle the same relation
should hold, with the quark virtuality Q̂2

1 substituting
for the photon Q2

1 one. Inside Pythia, however, all in-
coming partons are assumed massless in the selection of
hard-scattering kinematics. When, later on, the γ∗ → qq
branching is included, the ŝ and the rest-frame scattering
angle are left unaffected. Thus also p2

⊥ is unchanged, while
t̂ and û are not. Using the corrected values, one obtains
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the same final expression as in (36), with Q̂2
1 instead of

Q2
1. Kinematics provides the constraint Q̂2

1 > x1Q
2
1 at the

γ∗ → qq branching. The lower bound is a rather conser-
vative estimate of the actual value of Q̂2

1, however, and
more typically one obtains Q̂2

1 ≈ Q2
1 from the γ∗ → qq

branching. (Further branchings are included in the stan-
dard QCD parton-shower description. By analogy with
the description of other QCD processes, we here disregard
these shower virtualities.) A scale choice like in (36) there-
fore should be a sensible one both for direct and resolved
photons.

When both incoming photons are virtual, the relation
between µ2 and p2

⊥ becomes more complicated, but in the
limit that terms of order Q2

1Q
2
2/ŝ

2 are neglected, they sim-
plify to

µ2 = p2
⊥
ŝ+Q2

1 +Q2
2

ŝ
. (37)

This expression does not guarantee that µ2 > Q2
1 + Q2

2.
Sometimes such an inequality is assumed [24], so in order
to cover a broader range of scale choices, below we will be
comparing six different alternatives. In (almost) increasing
order these are

µ2
1 = p2

⊥ , (38)

µ2
2 = p2

⊥
ŝ+ x1Q

2
1 + x2Q

2
2

ŝ
, (39)

µ2
3 = p2

⊥
ŝ+Q2

1 +Q2
2

ŝ
, (40)

µ2
4 = p2

⊥ +
Q2

1 +Q2
2

2
, (41)

µ2
5 = p2

⊥ +Q2
1 +Q2

2 , (42)
µ2

6 = 2µ2
3 . (43)

Only the fifth alternative ensures fγ∗
a (x, µ2, Q2) > 0 for

arbitrarily large Q2; in all other alternatives the resolved
contribution (at fixed p⊥) vanish above some Q2 scale.
The last alternative exploits the well-known freedom of
including some multiplicative factor in any (leading-order)
scale choice. When nothing is mentioned explicitly below,
the choice µ2

3 is used. We should note that the expressions
in the program also contain a dependence on final-state
masses, e.g. for the production of massive quarks, but this
is left out here since it is not a topic studied in this paper.
(It will enter briefly in the following, however.)

None of the scales proposed above are unreasonable,
although some are more easily motivated than others.
In principle, theoretical input on an optimal scale choice
could be provided from the results of higher-order calcula-
tions. However, such exercises are less than trivial already
for hadron–hadron collisions, since different convergence
criteria may be applied and since results can depend on
the observable picked. In photon-induced processes, the
higher-order ambiguity between direct and resolved pro-
cesses, and the presence of several scales in the process, is
not likely to make the task any easier. This would there-
fore be an interesting study in its own right, but is not the
purpose of the current one.

2.4 Other model aspects

The issues discussed above are the main ones that distin-
guish the description of processes involving virtual pho-
tons from those induced by real photons or by hadrons in
general. In common for the tree is the need to consider the
buildup of more complicated partonic configurations from
the lowest-order ‘skeletons’ defined above, (i) by parton
showers, (ii) by multiple parton–parton interactions and
beam remnants, where applicable, and (iii) by the subse-
quent transformation of these partons into the observable
hadrons. The latter, hadronization stage can be described
by the standard string fragmentation framework [25], fol-
lowed by the decays of unstable primary hadrons, and is
not further discussed here. In the following we comment
on the shower, multiple-interaction and beam-remnant as-
pects.

The parton-shower description is conveniently subdi-
vided into initial- and final-state radiation. For wide-angle
emissions such a classification is not unambiguous, and it
is necessary to consider interference effects in order to de-
scribe the data [26]. A direct photon is not associated with
any initial-state QCD radiation.

In the hadronic environment, initial-state radiation nor-
mally means an evolution of a spacelike branch of partons,
from an initially vanishing virtuality up to the scale of
the hard process. The ‘backwards evolution’ strategy [21]
allows this cascade to be reconstructed in reverse order.
That is, from a parton b coming in to the hard scatter-
ing, the branching a → bc that produced b is first recon-
structed, thereafter the branching that produced a, and
so on, down to the lower cutoff scale Qsh

0 , in practice of
the order of 1 GeV. Inclusively, the effect of parton-shower
histories is already taken into account by the µ2 depen-
dence of the parton distributions used to select the hard
scattering, so what this procedure does is to associate an
exclusive set of initial-state-radiation partons to each hard
scattering.

For a real photon, the VMD part is assumed to behave
like a hadron, while the lower parton-shower cut-off Qsh

0
has to be considered further for the anomalous component.
In the spirit of the ansatz for parton distributions, (29),
the k2 value of the γ → qq branching is distributed like
dk2/k2. In principle, for a given physical process, there
would be a further ‘trigger bias’ effect to this distribu-
tion: at large (small) x values a large (small) k2 would be
favoured since it would be associated with a small (large)
evolution range. As a first approximation, this bias is ne-
glected here, i.e. k2 is picked flat in a logarithmic scale
between Q2

0 and µ2. When this k is larger than the default
value of Qsh

0 , the shower cut-off is increased to instead be
given by k. Thus there is no shower evolution below the
k scale of the γ → qq branching. Thereby the amount of
collinear emission along the incoming photon direction is
reduced for high-virtuality fluctuations.

As a technical aside, we note that the default value
Q0 = 0.6 GeV is smaller than Qsh

0 = 1 GeV. First, it
should be made clear that k2 and the Q2 virtuality vari-
able of the spacelike shower evolution are not defined in
precisely the same way and therefore very well can differ
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by factors of order unity, so that also the lower cut-offs
may differ. However, also disregarding this, there is no
reason why the two cut-offs should agree. Whereas Q0 is
severely constrained e.g. by F γ

2 data, Qsh
0 is just a crude

estimate of where emitted partons in the cascade are so
collinear that their effect may be safely neglected. That is,
we do not exclude the possibility of parton emissions in the
range between Q0 and Qsh

0 , but also do not believe that
their inclusion or not is essential for a description of final-
state properties. The effects of an increased shower cut-off
only show up for γ → qq branchings with k & 2 GeV, in
terms of a reduced parton emission rate along the incom-
ing photon direction.

The generalization to a virtual photon is now straight-
forward, given the extension of fγ

a to fγ∗
a , cf. (29) and

(31). For the VMD piece, the shower cut-off is selected to
be the larger of Qint and Qsh

0 . For the anomalous piece, a
k2 is picked flat in a logarithmic scale between Q2

int and
µ2, and the shower cut-off is the larger of this k and Qsh

0 .
Final-state radiation from the scattered partons of the

hard interaction follow the same pattern as in hadron–
hadron collisions, and so need not be discussed here. Also
time-like partons on the ‘side branches’ of an initial-state
cascade can undergo final-state evolution, as part of the
conventional shower description. The new aspect concerns
the q ‘beam remnant’ parton of an anomalous γ∗ → qq
branching, where the q is the initiator of the spacelike
cascade. This parton can undergo a shower evolution from
the γ∗ → qq branching scale k down to the timelike shower
cut-off msh

0 ≈ 1 GeV, provided k is above the cut-off.
For the VMD part of the photon, the beam remnant is
assumed not to radiate.

In general, a beam remnant contains the flavours ‘left
behind’ when one parton initiates the spacelike shower
that leads up to the hard interaction. Momentum conser-
vation gives its kinematics. This includes both a longitudi-
nal momentum fraction 1−x, if the initiator takes x, and
a transverse ‘primordial k⊥’ recoil. For the VMD compo-
nents of the photon this transverse momentum should be
of a nonperturbative character and small, ∼ 0.5 GeV, al-
though there are indications of much larger values in data
[27]. A Gaussian ansatz is used to pick a k⊥ vector. For
the anomalous part of the photon, we associate its k⊥ with
the k scale that already figured prominently above.

Multiple parton–parton interactions [28,2] could be
viewed as a further sophistication of the beam-remnant
description. The basic idea is that hadronic states con-
tain many partons and that therefore several perturba-
tive interactions may occur in a hadron–hadron collision.
Usually (at most) one of these give rise to visible high-
p⊥ jets, while the rest only add to the underlying event
activity. This additional component is vitally needed in
order to reproduce the observed multiplicity and E⊥ flow
in high-energy pp collisions, at least if string hadroniza-
tion is supposed to be universal, i.e. have its parameters
constrained by e+e− data. The main unknown parame-
ter in this approach is pMI

⊥,min ≈ 2 GeV, the scale below
which perturbation theory is assumed not to be applied
anymore. Physically, this scale can be viewed as related to

an effective colour screening phenomenon: gluons with a
wavelength larger than 1/pMI

⊥,min do not resolve the colour
structure inside the hadron wave function and therefore
decouple. Of course, this screening should set in gradually,
so pMI

⊥,min is only an effective parameter. To first approx-
imation, the average number of interactions per event is
the ratio of the jet cross section above pMI

⊥,min to the total
inelastic cross section. By now there exist convincing evi-
dence in favour of multiple interactions also in the HERA
data [29].

Almost by definition, direct and single-resolved pro-
cesses do not lead to multiple interactions. Furthermore,
within the spectrum of resolved components of a real pho-
ton, one would expect a close-to hadronlike behaviour for
the VMD part and then a gradual fading-away of multiple
interactions as the k2 scale of an anomalous fluctuation
is increased. This may partly be seen as a consequence
of that the number of partons (above some fixed x0) de-
crease with increasing k2. Furthermore, the physical size
of an anomalous fluctuation should scale like 1/k, so the
screening argument above would lead to a scaling-up of
pMI

⊥,min roughly by a factor k/Q0. This in part would be
compensated by an expected decrease in the total cross
section of an anomalous fluctuation, about like 1/k2 based
on the size scaling argument, but in total there should still
be a rather rapid fall-off with k. As a first approximation,
we follow the route adopted in [2], namely to allow multi-
ple interactions for VMD states to the same extent as for
hadrons, and not at all for the anomalous states.

When generalizing to virtual photons, the same argu-
ments as used above for the anomalous component would
suggest a fall-off of multiple interactions in the VMD com-
ponent with increasing Q2 scale. As a first guess, we have
here chosen to scale up pMI

⊥,min like
√

1 +Q2/m2
V , while

the normalizing total cross section is scaled down like
m4

V /(m
2
V +Q2)2 in accordance with the dipole ansatz.

3 Results

3.1 Basic distributions

3.1.1 γ∗p Partonic cross sections

The contribution to the σγ∗p parton cross section from
the different direct components in equations (21)–(24), the
boson–gluon fusion and the QCD Compton processes, are
shown in Fig. 2 as a function of the photon virtuality,
Q2. The partons produced in the 2 → 2 hard scattering
subprocess are restricted to have transverse momenta p⊥
larger than 5 GeV and the hadronic centre of mass energy
W = √

sγ∗p is equal to 200 GeV.
In the limit Q2 → 0 the cross section vanishes for the

processes involving a longitudinal photon. In the same
limit the boson–gluon fusion process with a transverse
photon, γ∗

Tg → qq, is more important than the QCD
Compton counterpart, γ∗

Tq → gq; this kinematic region
permits the gluon/quark from the proton to have a small
fraction x of the proton momentum, x = (ŝ+Q2)/(W 2 +



158 Ch. Friberg, T. Sjöstrand: Jet production by virtual photons

1

10

100

1000

0.1 1 10 100 1000 10000

σγ∗ p  (
nb

)

Q2 (GeV2)

 

QCDC
BGF
Total

0.0001

0.001

0.01

0.1

1

0.1 1 10 100 1000 10000

σ Lγ∗ p  / 
(σ

Lγ∗ p +
σ Tγ∗ p )

Q2 (GeV2)

 

QCDC
BGF

Fig. 2a,b. Summed transverse and longitudinal contributions from the QCD Compton and boson–gluon fusion processes,
equations (21)–(24), to the σγ∗p parton cross section, pparton

⊥ > 5 GeV and Wγ∗p = 200 GeV. To the right, for each process, is
the fraction of the longitudinal contribution

Q2). At large Q2, the opposite is true; x is large and the
QCD Compton process, involving an initial quark from
the proton, is more important than the boson–gluon fusion
process. Both processes are suppressed by the 1/(ŝ+Q2)2
factor that provides the main dampening at large Q2. The
longitudinal processes, γ∗

Lq → gq and γ∗
Lg → qq have max-

imal cross sections when Q2 ∼ ŝ, since ŝ ≥ 4p⊥,min this
occurs for Q2 around 100 GeV2.

The proton structure function used to produce Fig. 2
was GRV 94 LO, which is the default in Pythia. A dif-
ferent choice of structure function would only change the
details but not the conclusions made from these results.
In the following the GRV 94 LO will be used as the proton
parton distribution except where otherwise stated.

When studying jet production with low photon virtu-
alities it is likely that the photon is resolved. The photon
fluctuates then into a quark-antiquark pair that develops
into a multiparton state and finally one of these partons
scatters off a parton from the proton. The virtual photon
parton distributions used for modeling the resolved com-
ponents are the SaS 1D and 2D distributions. The dipole
factors in (31) will dampen the resolved components with
increasing photon virtualities.

The relative importance of the direct components com-
pared to the resolved components — the VMD and ano-
malous fluctuations — are shown in Fig. 3. The direct
contribution is the sum of the transverse QCD Compton
and boson–gluon fusion processes studied in Fig. 2. As
expected, the VMD components die away faster than the
anomalous ones which in turn die away faster than the
sum of the direct components. Here we also see the differ-
ence between the SaS 1D and SaS 2D distributions, with
SaS 2D having a higher cut-off for the separation between
the VMD component and the anomalous component. This

is reflected by the larger contribution from the SaS 2D
VMD component compared to the SaS 1D one, and vice
versa for the anomalous component.

Longitudinal resolved components are simulated with
an extra factor of R1(y,Q2, µ2), (33), for the transverse
resolved components. In Fig. 3 an a-parameter equal to 1
has been used together with the SaS 1D photon parton
distribution. The y value is set equal to 0.44 with HERA
energies in mind. A noticeable difference is seen in the
total jet cross section for Q2 around 10 GeV2, since, in
this ansatz, the maximal contribution for the longitudinal
component is obtained at Q2 = µ2, and the direct and the
anomalous component is of the same order in this region.
With a = 1 the sum of the resolved components can be
almost a factor of two larger than with a = 0, the case
with pure transverse resolved photons. There is nothing
special with the choice a = 1 except that it models a
longitudinal resolved component that is of the same order
of magnitude as the transverse component at intermediate
Q2 values; this is the same behaviour as seen for the direct
components.

3.1.2 γ∗γ∗ Partonic cross sections

In Fig. 4 the processes γ∗
T,Lγ

∗
T,L → qq, equations (15)–

(18), have been generated at a centre of mass energy W =√
sγ∗γ∗ of 100 GeV. For simplicity, one of the photons was

kept at a fixed virtuality of 0.1 GeV2. The transverse mo-
menta for the partons in the hard scattering was restricted
to be larger than 5 GeV.

Clearly, the dominant process is γ∗
T γ

∗
T → qq but, as the

virtuality Q2
1 increases, the contribution from the longitu-

dinal processes becomes more and more important. From
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Fig. 3a,b. Contributions to the σγ∗p parton cross section from events involving a direct, a VMD and an anomalous photon,
pparton
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sγ∗p = 200 GeV. To the left, the SaS 1D and SaS 2D parton distributions was used. To the right,

the fraction of the longitudinal contribution is shown. The SaS 1D distribution was used and longitudinal resolved photons is
modeled with a = 1 and y = 0.44 (see text). The longitudinal fraction for the resolved components at high-Q2 is not shown due
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Fig. 4. The partonic cross sections σγ∗γ∗
ξξ for the subprocesses

in equations (15)–(18) normalized w.r.t. the sum of them,
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⊥ > 5 GeV and √
sγ∗γ∗ = 100 GeV. The Q2

1 of the first
photon is varied while the second photon is kept at the fixed
virtuality Q2

2 = 0.1 GeV2

(15)–(18) we notice that the γ∗
T γ

∗
L, γ∗

Lγ
∗
T and γ∗

Lγ
∗
L direct

cross sections have a maximum at Q2
1 ∼ ŝ = sγ∗γ∗ (for

Q2
2 � ŝ). The γ∗

Lγ
∗
L process is bounded to never be larger

than twice the γ∗
T γ

∗
L or γ∗

Lγ
∗
T process. The γ∗

Lγ
∗
T and γ∗

Lγ
∗
L

processes clearly go to zero as Q2
1 → 0, the γ∗

T γ
∗
L process

remains finite and approaches the expression for the γ∗
Lg

matrix element, (24), with appropriate factors exchanged
(and Q2

2 → Q2
1). As for the case with direct processes in

γ∗p, the γ∗
ξ1
γ∗

ξ2
→ qq processes (ξi =T, L) are suppressed

by the 1/λ2 factor for high Q2
i .

With the possibility of having resolved photons, nine
event classes is obtained. They are illustrated in Fig. 5 for
the SaS 1D and SaS 2D parton distributions, with the sec-
ond photon having the fixed virtuality Q2

2 = 1 GeV2. Gen-
erally, as Q2

1 increases, the VMD components (of the first
photon) drops first, then the anomalous components and
at very high Q2

1 remains the direct components (direct–
direct, direct–VMD and direct–anomalous). Particularly,
with the choice Q2

2 = 1 GeV2, the anomalous–anomalous
events dominates at low Q2

1 for the SaS 1D case, whereas
for the SaS 2D case, the VMD components dominate.
In this ansatz, the Qint scheme, the parton distribution
for the anomalous component fγ∗

a (x, µ2, Q2) = 0 when
µ2 < Q2.
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Fig. 5a,b. Contributions to the σγ∗γ∗ parton cross section from the nine different event classes, pparton
⊥ > 5 GeV and √

sγ∗γ∗ =
100 GeV. The Q2

1 variation is for the first photon; the second photon is kept at fixed virtuality Q2
2 = 1 GeV2

3.1.3 xγ distributions

In ep collisions the variable xobs
γ is defined as [1]

xobs
γ =

E⊥,1e−η1 + E⊥,2e−η2

2Eγ
(44)

where E⊥,i is the transverse energy and ηi is the rapidity
of the two jets with the highest transverse energy. Eγ is
the energy of the photon. xobs

γ is then the fraction of the
photon energy (or better, light-cone momentum) that goes
into the production of the two highest transverse energy
jets, and therefore reflects the parton distributions of the
photon. In Fig. 6 the xobs

γ distribution is shown for the
different photon components. A cone jet algorithm with
cone radius R = 1 is used for jet finding. The partons in
the hard scattering are restricted to have transverse mo-
menta larger than 3 GeV and the jets to have a transverse
energy larger than 6 GeV. Note that pparton

⊥,min < pjet
⊥,min has

been used since migration from p⊥ < pjet
⊥,min is likely to

happen due to various effects; this is discussed further in
Sect. 3.2. The xobs

γ distribution was generated for a Q2

interval 0.9–1.1 GeV2. An xobs
γ value of 0.7–0.8 will sep-

arate most of the direct events from the resolved events.
The SaS 2D parton distribution gives less resolved events
at large xobs

γ as compared to SaS 1D. This is because the
VMD component, which is more important in SaS 2D, is
dampened faster with increasing Q2 than the anomalous
one. For high Q2, this difference is not there, since the
two anomalous components are approaching each other at
high Q2, and the VMD pieces are vanishingly small.

In e+e− collisions the variables x+
γ and x−

γ are defined
as [30]

x±
γ =

∑
jets(E ± pz)∑

particles(E ± pz)
(45)

where pz is the momentum component along the z–axis
of the e+e− collision and E is the energy of the jets or
particles. The sum over jets runs over all jets in the event
but is limited to the two hardest jets for dijet studies.
The different direct and resolved components are shown in
Fig. 7 forQ2

i < 0.8 GeV2; each combination of components
will not be shown here. For these symmetric cuts the x±

γ

distributions are identical, the direct–resolved events for
one case corresponds to the resolved–direct for the other.
As expected, direct events are concentrated at large x±

γ ,
direct–resolved (resolved–direct) are compatible with di-
rect events in ep, and double–resolved are concentrated at
small x±

γ — suggesting a cut at low x+
γ and x−

γ to separate
double–resolved from single–resolved events.

The SaS 2D distribution gives, with Q2
1,2 < 0.8 GeV2,

a large double–resolved contribution, dominated by the
VMD–VMD events. Similarly, direct–VMD events dom-
inate the single–resolved contribution. The effective pa-
rameter pMI

⊥,min sets the amount of multiple interactions
for the VMD component. The results shown in this sec-
tion are sensitive to the choice of pMI

⊥,min, here chosen to
1.4 GeV, which is the default in Pythia.

3.1.4 Scale choice in parton distributions

To show the dependence on the choice of scale µ2 in parton
distributions we will study ep events, with direct and re-
solved events treated separately. Three extreme choices of
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scales µ2
1 = p2

⊥, µ2
5 = p2

⊥+Q2 and µ2
6 ≈ 2p2

⊥ are compared.
For simplicity, we stay with the p⊥ distribution of the hard
scattering 2 → 2 subprocess, i.e. avoid hadronization, mul-
tiple interactions, initial- and final-state bremsstrahlung
and jet clustering effects.

In Fig. 8, the dσep/d log10(p⊥/(1GeV))2 distribution
for the different scale choices are compared at two differ-
ent photon virtualities, Q2 ≈ 1 GeV2 and Q2 ≈ 10 GeV2.
In these distributions, the various scale choices for the
direct events do not give a significant difference for the

results, and are therefore not shown. For the low-Q2 case,
the results for the resolved events are in decreasing order
in accordance with the scale choice; µ6, µ5 and µ1. Here
the anomalous component is the dominant one, explain-
ing the difference between the SaS 1D and the SaS 2D
distributions. For direct events, only a rather mild scale-
breaking of the proton distributions enters. Since small-x
values dominate, where distributions increase with µ2, the
µ6 scale should give the largest result but the difference
from the other two are within errors for this distribution.
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For Q2 ≈ 10 GeV2, direct events dominate. The re-
solved results can be divided into two regions; p2

⊥ < Q2

and p2
⊥ > Q2. Remember that the µ5 scale imply that the

resolved component will not vanish even when p2
⊥ < Q2

as can be seen in Fig. 8. With the µ6 scale, the evolution
range decreases with p2

⊥ and finally suppresses resolved
photons. The µ1 scale does not allow resolved photons
when p2

⊥ < Q2. (The tiny tail of such events comes from
charm production, where actually µ2

1 = p2
⊥ + m2

c is used
rather than only p2

⊥.) The results with the µ5 and µ6 scales
are, of course, in agreement when p2

⊥ ≈ Q2 and in the tail
of the p⊥ distribution the µ6 scale gives the bigger cross
section. At large Q2 values, the difference between the two
photon parton distributions are reduced. For direct events
the µ5 scale is larger than the µ6 one at low p2

⊥ but smaller
at high p2

⊥; a corresponding pattern is expected to be seen
in the cross section (again, small-x values dominate). How-
ever, differences are small for these distributions.

3.2 Comparisons with data

In this section the model is compared with data. We will
not make a detailed analysis of experimental results but
use it to point out model dependences and to constrain
some model parameters. Where applicable, the HzTool
[32] routines will be used for the comparison with data.

2 → 2 parton interactions normally give rise to 2–jet
events. In leading–order QCD, the jets are balanced in
transverse momenta in the centre of mass frame of the
γ∗p/γ∗γ∗ subsystem. Various effects, such as primordial
k⊥, initial- and final-state bremsstrahlung, etc., tend to
spoil this picture. This increases the dσ/dp⊥ spectrum at
any fixed p⊥, since jets can be boosted up from lower p⊥.
It is here important to remember that dσ/dp⊥ is dropping

steeply with increasing p⊥, since the matrix elements de-
scribed in Sect. 2.2 are divergent for p⊥ → 0. Even a sym-
metric smearing of jet p⊥, i.e. with shifts +δp⊥ and −δp⊥
equally probable, would thus increase dσ/dp⊥: the jets
shifted upwards would migrate into a region less populated
than those shifted downwards, and therefore proportion-
ately have a larger impact. Additionally, the smearing is
not symmetric, but normally shifts one jet upwards while
the other may be shifted in either direction. (This holds
for primordial k⊥ and initial-state radiation, while final-
state radiation tends to shift both jets downwards.) In the
generation procedure, the divergences are avoided by the
introduction of a lower cut, pparton

⊥,min , below which parton
scatterings are not considered. In order to study jets above
some pjet

⊥,min, a pparton
⊥,min < pjet

⊥,min is required. Stable results
are obtained when a hard scattering with pparton

⊥ = pparton
⊥,min

for the incoming partons do not produce any jets with p⊥
above pjet

⊥,min. Typically pparton
⊥,min = 1

2p
jet
⊥,min or less is re-

quired.

3.2.1 Dijets at HERA

Dijet angular distributions in photoproduction and deep
inelastic scattering have been studied at HERA [31]. In
the center of mass system of the two highest transverse
energy jets (which are restricted to have a transverse en-
ergy above a certain value) the angle θ∗ between the jets
and the beam axis is expected to be distributed differ-
ently depending on whether or not the photon is resolved.
The leading–order direct QCD graphs, boson–gluon fu-
sion and QCD Compton, have spin–1/2 quark propaga-
tors leading to an angular dependence proportional to
1/t̂ ∝ (1 − | cos θ∗|)−1. (The jets are generally not distin-
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guishable so the absolute value of cos θ∗ cannot be mea-
sured.) On the contrary, the resolved processes are domi-
nated by Rutherford type scatterings involving a t–channel
gluon: qq′ → qq′, qg → qg and gg → gg. These thus
give an angular dependence proportional to 1/t̂2 ∝ (1 −
| cos θ∗|)−2 i.e. the dijet angular distribution is expected
to rise steeper with | cos θ∗| for resolved processes than for
direct ones.

As discussed in the introduction and in Sect. 3.1.3,
with a cut in xobs

γ it is possible to make a separation be-
tween events that are likely to be direct from those that are
likely to be resolved events. An example of this is shown
in Fig. 9 where direct and resolved events generated by
Pythia is compared with results presented by the ZEUS
Collaboration [31], with a good agreement in the shape of
the distributions. The plots were produced by using the
HzTool package.

In the analysis of the ZEUS Collaboration a cut xobs
γ <

0.75 was used to classify the photon as resolved while
for xobs

γ > 0.75 it was classified as a direct photon. Of
the events classified as having a direct photon a signifi-
cant contribution comes from events with an anomalous
fluctuation of the photon. This is well understood since,
in this component, the quark (antiquark) often carries
a large fraction of the original photon momentum. The
two jets are then likely to be produced at small scatter-
ing angles θ∗ as described by the matrix elements with
gluon exchange. Using the SaS 1D parton distribution,
the anomalous component is important for either classi-
fication, whereas the VMD part is highly suppressed and
negligible by the xobs

γ > 0.75 cut. For SaS 2D, the VMD
contribution is small for events classified as direct but of
equal importance as the anomalous part for xobs

γ < 0.75.
The choice of scale µi is not crucial at this low Q2 values,
the µ3 scale is used and the results with µ5 are within
errors.

In the lower part of Fig. 9, the cross sections for events
classified as resolved and direct have been multiplied by a
factor (1 − | cos θ∗|)2 and (1 − | cos θ∗|), respectively. This
confirms that the resolved events, xobs

γ < 0.75, indeed are
dominated by a t–channel gluon exchange since the distri-
bution is rather flat. Moreover, the result is not contami-
nated by the misclassified pure direct photon events. On
the contrary, the direct distribution, xobs

γ > 0.75, is in-
creasing slightly with | cos θ∗|, illustrating the importance
of including resolved photons in order to explain data clas-
sified as originating from direct photon events. (The pure
direct events give a flat distribution.)

The possibility for the incoming electron to emit ex-
tra photons, that may go undetected, is not taken into
account by the model. This effect decreases the lepton en-
ergy; hence the photon energy calculated here would be
overestimated. A simple estimation of these effects give
corrections to the photon energy at the percent level. The
consequence would be that the given xobs

γ distribution will
be shifted towards higher values. An inclusion of such ef-
fects would shuffle some of our resolved events into the
direct category, thus improving the description of the rela-
tive amounts. This could be solved by using lepton-inside-

lepton structure functions, though the implementation of
it is postponed for the future.

From these observations it is tempting to conclude that
a cut in xobs

γ does not so much separate events with the
resolved anomalous component (perturbatively calculable
fluctuation) of the photon from the direct component,
but rather separates it from the VMD component (non-
perturbative fluctuation) of the photon. This statement is
true to leading order but the anomalous fluctuation con-
tain pieces that a next-to-leading-order calculation of the
direct component would give. Hence, in this sense also
anomalous events can be considered as a contribution from
the direct component making the xobs

γ well suited to sepa-
rate the direct from the resolved component. Nevertheless,
the classification of the photon into different components
used throughout in this paper is based on the leading or-
der description, viewing the anomalous fluctuation as a
resolved photon.

3.2.2 Inclusive ep jet cross sections

Inclusive ep jet cross sections have been measured by the
H1 collaboration [33] in the kinematical range 0 < Q2 <
49 GeV2 and 0.3 < y < 0.6. The differential jet cross
section dσep/dE∗

⊥ and the inclusive γ∗p jet cross section
in Fig. 10 and 11 respectively, were produced with the
HzTool package. The E∗

⊥ and η∗ are calculated in the γ∗p
centre of mass frame where the incident proton direction
corresponds to positive η∗.

For dσep/dE∗
⊥, data is available in nine different Q2

bins, four of them are shown here with similar results for
the intermediate bins. The SaS 1D parton distribution
together with a few different µi scales; µ1, µ3, µ5 and µ6,
are used to model the resolved photon component. The
other choices of scales, µ2 and µ4, interpolates between
these results.

In the highestQ2 bin the direct component is the domi-
nant contribution; the virtuality of the photon is for most
events of the order of or larger than the transverse mo-
menta squared, Q2 & p2

⊥. However, the resolved compo-
nent is not negligible and all the scales µi, except µ1, de-
pend on the photon virtuality. This gives a larger resolved
component in this region as compared to the the conven-
tional choice, µ1 = p⊥. In the low-Q2 bin the µi scales
do not differ much from p⊥, i.e. the results are not sen-
sitive to the scale choice µi. The exception is µ6, which
there overshoots the data. The µ2

4 = p2
⊥ +Q2/2 scale (not

shown) gives nice agreement with data for all different Q2

bins.
Since the VMD part dies out quickly with increasing

photon virtuality, multiple interactions will only be vis-
ible at low Q2 (multiple interactions for the anomalous
component is not in the model so far). The anomalous
component dominates over the VMD component already
at 1 GeV2. Therefore, multiple interactions for the VMD
component can safely be neglected for the distributions
shown in this section.

Changing the photon parton distribution from SaS 1D
to SaS 2D will give a slightly lower result for the low-Q2
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Fig. 9a–d. The dijet angular cross section dσ/d| cos θ∗| for resolved (xobs
γ < 0.75) and direct (xobs

γ > 0.75) processes. θ∗ is
the jet scattering angle w.r.t. the beam axis measured in the dijet centre of mass system. Q2 < 4 GeV2 and 0.25 < y < 0.8.
The SaS 1D and SaS 2D curves give the total contribution from the resolved and direct components; the VMD and direct
components are also shown separately. The anomalous contribution can be obtained by subtracting the direct and the VMD
contribution from the full one. In the lower figures, the cross sections for events classified as resolved and direct have been
multiplied with a factor (1 − | cos θ∗|)2 and (1 − | cos θ∗|), respectively

bins, Fig. 12. The GRS LO [22] parton distribution gives a
similar result as the other two. It has a restricted regime
of validity, Q2 � µ2 (implemented as 5Q2 < µ2) and
Q2 < 10 GeV2. Therefore, it is absent in the high-Q2 bin,
and some regions of phase space are cut out in the low-
E∗

⊥ bins. One could imagine larger differences for virtual-
photon parton distributions that from the onset are more
different, so the good SaS/GRS agreement is somewhat
fortuitous. Using a parton distribution for a real photon
cannot describe the Q2 dampening in the distributions

shown in this section. As an example of this the GRV LO
[34] distribution has been used; the change here is solely
from the photon flux.

Using CTEQ 3L instead of GRV 94 LO as the proton
parton distribution reduces the result in some E∗

⊥ bins by
half, Fig. 13. The GRV 94 HO parton distribution give
a slightly lower result (as compared to GRV 94 LO). The
differences mainly come from the gluon distributions, that
are not yet so well constrained from data. In the modeling
of the parton distributions, it is a deceptive accident that
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Fig. 10a–d. The differential jet cross section dσep/dE∗
⊥ for jets with −2.5 < η∗ < −0.5 and 0.3 < y < 0.6

the more well-known proton parton distribution gives a
larger uncertainty than the photon one. It offers a sim-
ple example that also phenomenology of other areas may
directly influence the interpretation of photon data.

3.2.3 Inclusive γ∗γ∗ jet cross sections

The OPAL collaboration has measured inclusive one–jet
cross sections in the range |ηjet| < 1 and requiring Ejet

⊥
to be larger than 3 GeV [35]. The centre of mass en-
ergies were 130 and 136 GeV. In the analysis, a cone
jet algorithm was used with a cone radius R = 1 and
Ejet

⊥,min = 2 GeV; differences in the application of this algo-
rithm may affect the results (we used the PXCONE algo-

rithm from HzTool). In Figs. 14–15, the inclusive jet cross
sections as a function of Ejet

⊥ or ηjet are shown, with events
generated at

√
see = 133 GeV. The anti-tagging condi-

tions at this energy corresponds to a Q2
max = 0.8 GeV2.

Due to migration effects pparton
⊥,min was chosen to 1.5 GeV,

and pMI
⊥,min = 1.4 GeV. The symmetric cuts used gives

no difference between the two single-resolved contribu-
tions, instead the direct-VMD (VMD-direct) and direct-
anomalous (anomalous-direct) contributions are shown to-
gether with the direct and double-resolved ones.

At low Ejet
⊥ the double–resolved events are dominating

and at larger Ejet
⊥ it is the direct processes since more en-

ergy goes into the hard scattering in the latter case. For
single–resolved events, the SaS 1D VMD component dies
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out much quicker with increasing Ejet
⊥ than the SaS 2D

one which is comparable with the direct–anomalous events
at high Ejet

⊥ . For both cases, at high Ejet
⊥ , the direct–

anomalous components give the same order of magnitude
contribution to the cross section as the double–resolved
events. The biggest difference between the two parton dis-
tributions can be seen at low Ejet

⊥ and for the |ηjet| dis-
tributions, where the double–resolved events dominates;
it is a reflection of the difference in normalization among
the contributions. For the SaS 2D case, this kinematical
region makes the VMD component more important than

the anomalous one; as a consequence multiple interactions
play an important role. The double–resolved contribution
for SaS 2D without multiple interaction is half of the one
shown here. Clearly, for the SaS 1D case the opposite is
true: the importance of the components are reversed. In
the region of high Ejet

⊥ , where the direct events dominate,
the model is undershooting data. On the other hand, there
is nice agreement with data for the |ηjet| distribution when
using SaS 2D.
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Fig. 14a,b. The inclusive one–jet cross section as a function of Ejet
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√
se+e− = 130 and 136 GeV,

|ηjet| < 1. The events were generated at a fixed energy of
√

se+e− = 133 GeV, Q2
max = 0.8 GeV2, pparton

⊥,min = 1.5 GeV and
pMI

⊥,min = 1.4 GeV

3.2.4 Forward jets in ep

Jet cross sections as a function of Bjorken-x, xBj, for for-
ward jet production (in the proton direction) have been
measured at HERA [36]. The objective is to probe the
dynamics of the QCD cascade at small xBj. The forward
jet is restricted in polar angle w.r.t. the proton and the
transverse momenta pjet

⊥ should be of the same order as
the virtuality of the photon, suppressing an evolution in

transverse momenta. If the jet has a large energy fraction
of the proton, there will be a big difference in x between
the jet and the photon vertex, xBj � xjet, allowing an
evolution in x. The above restrictions will not eliminate
the possibility of having a resolved photon, although the
large Q2 values are not in favour of it.

The HzTool routines were used to obtain the results
in Fig. 16. Five different scales µi are shown. A larger
forward jet cross section is obtained with a stronger Q2
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dependence, with the scale µ2
5 = p2

⊥ + Q2 in best agree-
ment with data, in general agreement with the conclusions
in [24]1. The constraint (pjet

⊥ )2 ' Q2 gives a large enhance-
ment for the µ4 and µ5 scales, which are combinations of

1 However, we note a not complete agreement in the descrip-
tion of the inclusive jet cross sections. In [24] a different option
of the SaS extension to virtual photons was used than here,

(pparton
⊥ )2 and Q2, whereas µ2 and µ3 have a Q2 depen-

dence that are scaled down by ŝ. The choice of scale does
not only affect the resolved photon contribution but also
the direct photon, as seen in Fig. 17. The available evolu-
tion ranges for the parton showers are related to the choice

but we have checked that this cannot be the main reason for
the discrepancy.
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Fig. 17a,b. Same as in Fig. 16 but only the direct component is compared with data for two different scale choices

of µ scale and responsible for the major part of the differ-
ence between the two scales. Also the scale dependence in
the proton parton distribution gives a contribution, but
it is small. As a check for the direct component, a simple
comparison was made between Pythia, using the µ1 = p⊥
scale and the direct processes, and LEPTO [7], without
soft colour interactions, giving similar results. The rather
large Q2 values, Q2 ' (pjet

⊥ )2, suppresses VMD photons
and favours the SaS 1D distribution which is the one used
here, though the difference is small.

Note that the µ6 scale undershoots the forward jet
cross section data and overshoots the inclusive jet distri-
butions at low Q2, so it is not a real alternative. As a fur-
ther check, with more data accumulated and analyzed, the
(pjet

⊥ )2/Q2 interval could be split into several subranges
which hopefully would help to discriminate between scale
choices.

3.2.5 Importance of longitudinal resolved photons

In this section we will study the importance of longitudi-
nal resolved photons. The different R-factors described in
Sect. 2.3 will be used to provide some estimates. Of those
distributions studied so far, we will concentrate on the
dσep/dE∗

⊥ distributions for inclusive jets and the dσep/dx
for forward jet cross sections. A sensible Q2–dependent
scale choice, µ3, together with the SaS 1D distribution
will be used throughout.

With a = 1 the different alternatives are shown in
Fig. 18 for the dσep/dE∗

⊥ distributions together with the
result from pure transverse photons, i.e. a = 0. The impor-
tance of the resolved contributions decreases with increas-
ing Q2, see Fig. 10, which makes the asymptotic behaviour
less crucial. The onset of longitudinal photons governed
by the R1 and R2 alternatives are favoured whereas the

R3 one overshoots data in the context of the other model
choices made here.

In Fig. 19 the same alternatives are shown for the for-
ward jet cross sections. With this scale choice, µ3, none
of the longitudinal resolved components (together with
the direct contribution) are sufficient to describe the for-
ward jet cross section. The resolved contribution with R3
is about the same as the one obtained with the scale
µ2

5 = p2
⊥ + Q2 (without longitudinal contribution); the

difference in the total results originates from the differ-
ence in the direct contributions, see Fig. 17. With R1 and
a = 1, the µ5 scale (not shown) overshoots the data, but
undershoots in combination with µ4. The µ4 scale in com-
bination with R3 and a = 1 is in nice agreement with data.
However, with these model choices, R3 together with the
µ3 scale was ruled out for the inclusive jet distributions
studied above, and this is even more so for µ4.

The above study indicates, as expected, that longi-
tudinal resolved photons are important for detailed de-
scriptions of various distributions. It cannot by itself ex-
plain the forward jet cross section, but may give a signifi-
cant contribution. Combined with other effects, for exam-
ple, different scale choices, parton distributions, underly-
ing events, etc. it could give a reasonable description. The
model(s) so far does not take into account the difference in
x distribution or the k2 scale (of the γ∗ → qq fluctuations)
between transverse and longitudinal photons. As long as
the distributions under study allow a large interval in x
the average description may be reasonable. In a more so-
phisticated treatment these aspects have to be considered
in more detail.
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Fig. 19a,b. Forward jet cross section as a function of x

3.3 Example of further tests: forward jets in e+e−

With the experience of forward jets at HERA, we suggest
a similar study at LEP. The optimal kinematical and for-
ward jet constraints have to be set by each collaboration
itself; the study here will give the order of magnitude for
the cross section and point out uncertainties in the model.

Comparing with forward jets at HERA, one of the lep-
tons will play the role of the proton. Some of the con-
straints will be taken over directly, kinematic cuts:

y > 0.1, E′
e > 11 GeV, (46)

and jet selection:

pjet
⊥ > 3.5 GeV (47)

xjet =
Ejet

Ee
> 0.035 (48)

0.5 <
(pjet

⊥ )2

Q2 < 2 (49)

3◦ < θjet < 20◦ (50)

To fulfill the jet selection one of the leptons has to be
tagged in order to know the virtuality of the photon. To
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Fig. 20a–d. Forward jet cross section as a function of x. pjet
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obtain a reasonable number of events the other lepton is
not tagged, imposing a Q2

max, here chosen to 1.5 GeV2.
With a centre of mass energy of 200 GeV, the smallest
accessible xBj = Q2

ys is around 10−4, where Q2 and y is
calculated from the tagged electron, omitting the virtual-
ity of the other photon. In a more sophisticated treatment
also double–tagged events are analyzed; then one of the
photons plays the role of a proton and the forward jet
should be defined with respect to one of the photons.

A cone jet algorithm with cone radius R = 1 and
Ejet

⊥,min = 2 GeV is used for jet finding. As for the case
at HERA, the µ5 scale gives the largest forward jet cross
section, about twice as large as with the µ2 scale, Fig. 20.

Most of the differences arise from the double–resolved
events. Double–resolved and single–resolved events, where
the resolved photon give rise to the forward jet, dominate
the forward jet cross section, Fig. 20 and 21. At low x,
for the µ5 scale, the double–resolved contribution is close
to an order of magnitude larger than the direct one. For
the µ2 scale it is about a factor of four. As for the case at
HERA, the rise of the forward jet cross section at small x
is dominated by resolved photons. A study like this at LEP
could be an important cross check for the understanding
of resolved photons and that of small-x dynamics.
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Fig. 21a,b. Forward jet cross section as a function of x. pjet
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4 Summary and outlook

The field of photon physics is rapidly expanding, not least
by the impact of new data from HERA and LEP. The
prospects of building a Linear Collider, with its objective
of high-precision measurements and to search for possible
new physics, requires an accurate description of photon
processes. The plan here is to have a complete description
of the main physics aspects in γp and γγ collisions, which
will allow important cross checks to test universality of
certain model assumptions. As a step forward, we have in
this article concentrated on those that are of importance
for the production of jets by virtual photons, and are ab-
sent in the real-photon case. While we believe in the basic
machinery developed and presented here, we have to ac-
knowledge the many unknowns — scale choices, parton
distribution sets (also those of the proton), longitudinal
contributions, underlying events, etc. — that all give non-
negligible effects. To make a simultaneous detailed tuning
of all these aspects was not the aim here, but rather to
point out model dependences that arise from a virtual
photon.

When Q2 is not small, naively only the direct compo-
nent needs to be treated, but in practice a rather large
contribution arises from resolved photons. For example,
for high-Q2 studies like forward jet cross sections, Fig. 16–
17, or inclusive differential jet cross sections, Fig. 10–
11. Resolved longitudinal photons are poorly understood
and the model presented here can be used to estimate
their importance and get a reasonable global description.
The three different alternatives, together with other sound
model choices, can explain the inclusive jet cross sections
(for a wide range of photon virtualities) and the forward
jet cross sections measured at HERA. With our conserva-
tive estimates, longitudinal effects are in most cases small
but of importance for some particular distributions and

for fine–tuning. Since some exclusive processes have strik-
ingly large longitudinal contributions [37], effects larger
than shown here should not be excluded.

The inclusive jet cross sections [33] were used to point
out that the gluon distribution of the proton may, of times,
contribute more to the overall uncertainty than the virtual
photon ones. A real photon parton distribution is ruled out
already at small photon virtualities.

In the study of the dijet angular distributions in photo-
production [31] the relative amount of direct and resolved
events is not so well described by the model. In the fu-
ture, this could be improved by using lepton-inside-lepton
structure functions. In order to describe the direct distri-
bution, xγ > 0.75, a resolved photon component is needed
to explain the rise with | cos θ∗|, which is steeper than the
1/(1−| cos θ∗|) rise expected from the pure direct compo-
nent.

The inclusive γ∗γ∗ one-jet cross sections [35] are well
described except for the high Ejet

⊥ region of the Ejet
⊥ dis-

tribution. In this region, the direct events are dominating.
Currently, owing to the lesser flexibility in the modeling
of the direct component, we do not see any simple way
to improve the model. The factorized ansatz made for the
photon flux is expected to be valid in this kinematical
range; interference terms are suppressed by Q2

1Q
2
2/W

2
γ∗γ∗ .

However, differences in the application of the cone jet al-
gorithm may affect the results.

The forward jet cross section presented by H1 [36] is
well described by an ordinary parton shower prescription
including the possibility of having resolved photons. The
criteria that the pjet

⊥ should be of the same order as Q2,
makes the scale choice crucial and µ2

5 = p2
⊥+Q2 is favoured

by data, as concluded in [24]. However, we found this scale
to be incompatible with inclusive jet cross sections: it over-
shoots data in the high-Q2 bins. Longitudinal resolved
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photons modeled with a more restrictive scale choice, i.e.
µ2 ' p2

⊥, give a similar resolved photon contribution but
less contribution from the direct component (due to differ-
ent available evolution ranges in the parton showers and
the scale dependence in the proton parton distribution).
With more data accumulated and analyzed, the (pjet

⊥ )2/Q2

interval could be split into several subranges, which hope-
fully would help to discriminate between different scale
choices. With the experience of forward jets at HERA,
we predict the forward jet cross section to be obtained at
LEP.

Multiple interactions for the anomalous component are
not yet included, and is not expected to be of same impor-
tance as in the VMD case. However, for low k2 fluctuations
it may be important, especially for SaS 1D, and need to
be investigated.

After this study of jet production by virtual photons
it is natural to extend the modeling to low–p⊥ events.
Clearly, a smooth transition from perturbative to non-
perturbative physics is wanted. One idea is to make use
of a parameterization of the total γp and γγ cross section
in terms of a pomeron and a reggeon exchange. Starting
from the real-photon case, dipole dampening factors are
introduced for the generalization to virtual photons. For
example, the γp cross section is divided into a VMD, an
anomalous, a direct and a DIS γ∗q → q process part. In
the limit Q2 → 0, the first three event classes remain. On
the contrary, when Q2 increases from zero to high Q2; the
resolved processes dies out (as given by the dipole factors),
the direct also drops and finally only the DIS process re-
main. At intermediate Q2 values, the direct processes and
the DIS (+parton showers) process overlap, since, in some
regions of phase space, they are equally valid descriptions
of the same physics. It thus becomes necessary to avoid
double-counting, e.g. by introducing Sudakov style form
factors for the DIS process, suppressing those parton con-
figurations covered by the direct processes. We intend to
return to this issue in a future publication.
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Schuler, Hannes Jung, Leif Jönsson, Ralph Engel and Tancredi
Carli.

References

1. ZEUS Collaboration, M. Derrick et al., Phys. Lett. B322
(1994) 287; H1 Collaboration, T. Ahmed et al., Nucl.
Phys. B445 (1995) 195
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B449 (1999) 313
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